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Introduction 
Topological rings were first defined in van Dantzig's 
thesis. Of course inumerable instances of topological rings 
had been studied earlier. His thesis inaugurated a stream 
of investigation: localLy compact rings. Many results have 
-been obtained by Pontriagin, van Kampen,Jacobaon, Kaplansky 
and others. Kaplansky (1) used compactness as a substitute 
for the classical chain condition to obtain many results in 
the structure theory for compact rings. He used the result 
that the existence of minimal ideals for dual rings can be 
proved without the assumption of chain condition. In ( 2), 
Kaplansky used many results of Jacobson's theory of radical 
(3). Later, Zelinsky (4) used the concept of inverse limit 
of rings as a convenient toQl (which was suggested by 
Kaplansky (5)) to decompose a ring by 4ecomposing the 
residue class ring of a ring with ideal neighborhoods of 
zero. Weiss (6) gave more direct proofs of the structure 
theorems of the Wedderburn-Al"tin-Jacobson (see for example 
' 
(7)). de Lamadrid and Jans mentioned simply connectedness 
of a ring and obtained in their paper (8) the result that 
a ring with identity which admits a simply connected covering 
space is itself simply connected. The notion of boundedness 
which may be looked upon as an algebraic analogue of compact-
ness, was introduced by Kaplansky (9) who showed that the 
'" ·:· 
, .. 
'' ' 
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compact assumption plays a role similar to. that of the 
f1nit.eness assuption for aJ.gebraic rings. It proVided an 
algebraic approach to the study of topolog1cai rings. The 
study of radical (3) is also one of the foundation stones 
of the structure theory of rings. The concept of a Q-ring 
(1) (10) is an important tool in this study. Numakura 
investigated {10) the ~tructure of a compact ring having no 
2 
o,ne- sided ideal. between p and p for any maximal open ideal 
p. He aJ.so extended (11) the result to a ring which have 
no open left (or right) ideal between p and p2 for any 
maximal prime ideal p. In (12), Numakura pointed out a 
! 
I 
certain analogy between compact dual rings and quasi-Frobenius 
rings. 
·rn this thesis, we shall prove the structure theorems 
of Kaplansky for commutative compact rings (theorem 9 and 10) 
with the necessary preliminaries. Sirfce the compact rings 
need not be commutative, we use the structure theorem of 
Numakura for compact rings with the condition that a product 
of arbitrary two maxima.l open left (or right) ideaJ.s··1n the 
ring is co.mmutative (lemma 8) to weaken the condition of 
co1IL11Utativity in one of Kaplansky's theorems (theorem 10). 
This 1 a done in theorem 11., ~ 
l. Topological ring and quasi-regularity 
Definition l. A ~opological ring A is an (associative) 
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ri.ng which is also a Hausdorff space such that a-b and ab 
are continuous mappings from AxA into A. 
We assume first that A has an identity 1. If a is an 
element of A that has a right inverse b, then we may write 
a • l•x and b " l•y and obtain 
Hence the condition on x,y is that 
x+y•xy • 0. 
Since the condition does not involve the identity, we can 
use it for arbitrary ring. Secondly for arbitrary ring A, 
we in.traduce the operation o defined by xoy .. x.+y•xy. It 
is readily verified to be an associative operation with 0 
acting as an identity element. Then we have 
Definition 2. An element x ·1s said to be right 
quasi-regular (rqr) if there exists an element y with 
xoy e O, that is x+y+xy • O; and y is said to be a right 
quasi-inverse of x. Left §Uasi-inverse and left quas1-
regular1ty are similary defined. As is well known for 
associative systems, if x has a right quasi-inverse y and 
a left quasi-inverse z, then y • z; we then call y the 
quasi-inverse of x and say that xis guasi-regular. A right , 
ideal is right quasi-regular if 1 t consists entirely of rqr 
el.ements. 
We now prove the following 
Lemma l. If a is in a rqr ideal I, and x is rqr, 
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then a+x 1 s rqr. 
Proof: Let y be a right quasi-inverse of x, i.e., 
xoy ··o. Since a+ay is in the right ideal generated by a 
i 
which is contained in I, hence we have some z such that 
(a+ay)oz • o. Then 
{a•x)ayoz .. (a•ay)oz • (xoy) • (xoy)z • o. 
This shows that yoz is a right quasi-inverse or a+x. 
Definition 3. The radical R of a ring A is the 
:(·set-theoretic) j_oin of ali rqr ideals (3). 
It foll.ows readily from lemma l that Risa right 
ideal. To show that R is also a left ideal, we have to 
show that baf:-R for arc:R, bEA, it will suffice to prove 
~ 
that ba ( c•1) is rqr for any integer 1 and c E A. Let x 
• a(c+i) and let y be a·· right quasi-inverse of xb. The 
identity 
1) bxo(-bx-byx) • -b(xboy)x 
shows that bx is rqr. 
i,eri~ __ tion 4. A ring A whose radical is all o~ A 
is said to be a radical ring; one whose radical is O is 
l 
semi-simple. 
"I):.<. 
Definition 5. A topological ring is calied a Sr-ring 
if its rqr elements form an open set. For rings with unity 
. 
element this 1s equivalent to saying that the elements with 
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right inverses form. an open set. 
Lemma 2. A ring which has a neighborhood of O 
consisting of rqr elements is a Qr-ring. 
Proof. Let x be any rqr element and y a right 
· quasi-inverse. By talcing a sufficiently small we can 
sure that a+ay is rqr, say (a,ay)oz • O. Then by 1), 
a•x is rqr. Hence x has a neighborhood consisting of 
rqr elements. 
Def1n1 tion 6. If the left quasi-regular elements 
are open we shall call the ring a QJ -ring; and if the 
quasi-regular elements are open, a Q-riP:5. 
It follows from lemma 2 that a ring is a Q-ring if 
and only if it is both a Qr-ring and a Q1-ring. 
'· 
\, 
I 
Let x' denote the quasi-inverse of x, whenever this 
exists. A question of some importance is when the function 
x ~ x' is continuous. We have the following 
Lemma 3. In a Q-ring the quas1-1nv·erse is continuous 
wherever defined if it is continuous at O. 
Proof. Let Ube any neighborhood of x'. Since the 
quasi-inverse is continuous at O, there is a neighborhood 
V of Osuch that zeV implies x'ozEU, and a neighborhood 
lt of O such that a E W implies that a+ay has a quasi-inverse 
z in V. By 1) w1 th y .. x' shows that the quasi-inverse of 
- 5 -
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a•x is x'oz, and it lies in U. 
' 2. Boundedness and com.pact rings 
Definition 7. A subset S of a topological ring A 
1s said to be right bounded if for any neighborhood U of 
O, there exists a neighborhood V such that V .s CU (We use 
A•B to mean the set of alL products ab, AB to mean the set 
of aJ.l sums of such products). Left boundedness is simi-
~-o~:_.!:',-.,.-1• 
larly defined. We shall say a set is bounded if it is 
both left and right bounded. lfe shall. further say that 
A is loca.;J..1.~ (right~ pounded if there exists in A an open 
set which is (right) bounded. 
" Q It is evident that a ring which has a·neighborhood 
. ~ 
system consisting of (right) ideals is (right) bounded. 
The following example is a right bounded ring which is 
not left bo.unded: the ring of 1nf1ni te matrices over a 
field having only a finite number of non-zero elements in 
each row, under the~inite topology (a neighborhood of 0 
f ,,~ 
consists of a1i matrices with first n rows 0). In fact 
1 t is not even locall_y left bounded. It is not true 
conversely that a bounded ring has ideal neighborhoods 
of O; for a co·unter-example take any connected abelian 
group and make it a ring by defining all products to be 
O. However, we have the following partial converse. 
Lemm.a 4. If a (right) bounded ring has a system of 
.. 
- 6 -
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group neighborhoods o,f O, then it has a system or (right) 
ideal neighborhoods of o. 
Proof. Let ring A be right bounded. Given a neigh-
borhood U, let V be a group neighborhood w1 th V+V cu, and 
1 
W a group neighborhood with W c V, WA c: V. Then W•WA is I an 
open right ideal contained in u. 
If A is bounded we use a similar argument for W•WA+ 
AW+WAW. 
In case A is a metric ring, boundedness with respect 
to the metric implies boundedness as we have defined it 
above, but not necessarily conversely: take the reals with 
all products equal to zero. However in a ring with a 
.... 
valuation the two notions coincide. Now we have 
Lemma 5. Any compact set 1 a bounded. 
Proof. Given a neighborhood U and any point x in 
the compact set K, we may find neighborhoods V(x), W(x) 
of x and O such that V(x) •W(x) c U. J.. finite number of the 
V's cover Kand if Xis the intersection of the correspond-
ing W' s we have KX cu. 
By use of lemma 5 we may prov'¥ the following 
Theorem l. The radical of a right bounded Qr-ring 
is open. 
Proof. Let U be a neighborhood o:f O consisting of 
'D 
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rqr elements, and V a neighborhood w1 th V •A cu. Then for 
any x·E V and a€ A, xa is rqr. Hence V 1 s contained in 
the radical. of A, which is therefore open. 
Corollary 1. A right bounded semi-simple Qr-ring 
is discrete. 
Corollary 2. A compact semi-simple Qr-ring is finite. 
Theorem 2. If C is the component of O in a right 
bounded localLy compact ring A, then CA ., 0. 
Proof. For any fixed element fin the character 
group of A, let I(f) denote· the set of all at A with 
f(aA) • o. We show that I(f) is open. Choose neighbor-
hoods U, V with f(U)<i, V•Acu. Then for xEV, we have 
nxAc U for aJ.l integers n and hence r(nxa) • nf ( xa) < ! 
for all a f:.A. It follows that f(xa) .. 0, x E-I{f), and 
I(f) is open. Since I(f) is a group, it is also closed. 
We then have C er (f), f(CA) • 0 for all f, whence CA • o. 
Theorem 3. r A locally compact bounded ring with 1no 
proper closed ideal is discrete. 
Proof. The component of O in the given ring A is 
a closed ideal which must be either O or A. Hence A is 
either connected or totally disconnected. In the latter 
case it has group neighborhoods, hence by lemma 4 ideal 
neighborhoods of o. Thia is possible only if A 1s discrete. 
- 8 -
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If A is connected, by theorem 2, we have A2 - O; in fact 
.A ia a connected locally compact abelian group with no 
proper closed subgroup. It follows that A is compact. 
But then the character group is discrete·and has no proper 
subgroup at all; 1 t must f1n1 te which means that A is 
finite. 
Corollary. A compact ring with no proper closed 
ideal is finite. 
Theorem 4. A right bounded division ring is discrete. 
Proof. In a division ring A we have l EU .A for any 
U f 0. Hence A can be right bounded only if it is discrete • 
. 
Definition 8. An element x of a ring is nilpotent 
if x11~ O. A ringJiis a nilring if all 1 ts elements are 
nilpotent, and it is nilpotent if for any neighborhood U 
of O, there exists 1{ such that R21 cu ·ror n;>N. 
A nilpotent ideal is not necessarU-y in the radical: 
in the ring of integers under the p-adic topology the 
radical_ is O, but the ideal (p) is nilpotent. However 
under suitable further assumptions the result is true. 
Theorem. 5. If -x?--.. 0 in a complete ring with group 
neighborhoods of O, then xis quasi-regular. 
Proof. The series -x+x2-x3•••• converges and its 
sum is a quasi-inverse of x. 
- 9 -
Corollary. In a compact ri·ng with group neighborhoods 
of O, the radical contains all- nil right or left ideal·s. 
For compact rings we have 
Theorem 6. In a compact ring the rq.r elements are , 
' 
closed. 
Proof. Suppose that xis not rqr, 1.e., for aJ.l y, 
xoy fl O. We can find neighborhoods Ux, Uy, of x and y 
such that O ~Ur>Uy• A finite number of the Uy'a cover 
the ring. If U is the intersection of the corresponding 
<! 
Ux' s, then U is a neighborhood of x which contains no rqr 
el.ements. 
~ 
Since rqr elements are closed implies the radical 
is cl.oaed, we have 
CorolLary. ,. The radical o·f ·a c.ompact ring is ciosed. 
Theorem 7. The radicalRof a totally disconnected 
ring A is nilpotent. 
Proof. Let B be an ideal neighborhood of o. Since 
a homomo·.rphism preserves quasi-regular1 ty, the radical-.. of 
A-B contains all r+B with rE R. Also since A-Bis finite 
its radical is n~lpotent. Hence for large n we ~ve R~cB, 
as desired. 
' 
/ 
i 
) 
Because of the lack of group neighborhoods of O for 
a generaJ. compac.t ring, we can only make th.e following 
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weak assertion.~ 
Theorem 8. For any neighborhood U of O in a compact 
ring A, there exists an integer N·such that R•R ••••• R(n 
factors) c: U for n >N, where R is the radical of A. 
Proof: Let C be the component of O and V a neighbor-
hood ,11th V•V cu. The radical R-C o.f A-C is nilpotent, 
whence Rm.c:v•c say for m~M, and we need only take N • 2M. 
Combining theorems 5 and 8 we have 
· Coro.llary. In a co.m.pact ring the radical is the union_ 
L, 
or· all nil right and left ideaJ.s. 
3. Structure theorems of compact rings with certain conditions 
Now we may prove 
Lemma 6. In a ring A with the descending chain con-_ 
dition on left ideals, the radical R contains the intersec-
tion of the maximal two-sided ideals. 
Proof. The ring A-R is semi-simple with descending 
cha.in cond1 tion, and so tlt intersection of 1 ts maxima] 
ideal ia o. Suppose a~ R; then there exists in A-R a 
maximal ideal M not containing a+R. The inverse image in 
, 
A of M is a maximal ideal not containing a. 
We now_prove the following conclusive structure 
Theorem 9. A compact semi-simple ring is isomorphic 
-~d homeomorphic to a cartesian direct sum of finite semi-
- 11 -
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~1mple rings. 
Proof. If C is the component of O, we have c2 • o by 
lemma 2. Since the ring A is semi-simple, C • 0 and A is 
totally disconnected. By lemma 4, A has ideal neighborhoods 
of o. F.or such an open ideal B, A-Bis compact and discrete 
and hence finite, and so contains .an open maximal ideaJ. 
whose inv.erse image in A under the natural mapping is 
likewise an open maximal ideal. Having thus proved the 
existence of open maximaJ. ideals, we next show that the 
· intersection of all of them. is o. Suppose on the contrary, 
there exists an element a,' 0 in every open maxima] ideals; 
the same is true of ax for any x eA. Take an open ideal B. 
In A-B, the coset ax+B will lie in every maximal ideals and 
so, by lemma 6, will be nilpotent. We thus have {ax)n& B · 
.. 
for large n. By thee.rem 5, a is in the radical of A, a 
contradict ion. Choose a fixed well-ordering { M>} of open 
maximal. ideals. We select a subset as follows. Take N1--M1, 
/ 
and having chosen N:p for p < -,,., take N )'.. to be the first M 
not containing the intersection of a finite number of 
previously selected !1's. When the process concludes, we 
evidently have a meet-independent set {N~} with intersection 
. . 
o. It is imm.ediately that we have a one~one representation 
of A as a subring of the direct sum of the rings A-lf1'. 
Moreover the mapping is continuous, for a neighborhood of 
- 12 -
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0 in the direct sum consists of all eiements. having O at 
a finite number of places, and the intersection of the 
corresponding_ maximal ideals is an open set mapping into 
1 t. For a:ny f1n1 te number of N's we have that A - (N11 
(\ • • • l'\N1k) is the direct sum o.f A-N11 , • • • ,A-N %· Hence 
in the representation of A, any finite combination of 
coordinates occurs, i.e., we have a dense subring of the 
direct sum. But the continuous image of a compact set is 
closed; hence we have the full direct sum. Since both 
spaces -pre c.ompact, the mapping is also continuous in the 
reverse direction. Finally each A-N" is certainly a finite 
ring with no proper ideal~; it must be simple for if it 
were a zero, ring A would not be semi-simple. In the 
light of the reveaJ.ed. structure of A it is apparent that 
the N's are in fact the only open (or for that matter 
... '>;.\,;: 
closed) maximaJ ideals in A. Thus the pr.ocesa of selecting 
the rJ' s from the .. I-rI' s can be seen in retrospect to have 
b.e·en vacuous • 
The follo 1,4_.ng: are fairly direct corollaries of 
Corollary l. A compact semi-simple ring has a unity 
element. 
Corol1-ary 2. f. compact semi-aimpl.e, ring_ .which h_as 
t·he ascending chain condition. o'n close.<l. 1.de.ala, or th~ 
... 13 -
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des·cendtng condition on open ideals, is finite. 
Corol1-ary 3. In a compact ring :Left and right 
quasi-inv-e.rse coincide (for this is true· in any ring if 1-t-
is true modulo the radical). 
Corollary 4. In a compact ring w1 th unity element 
the radical -is the intersection of a.pen maximal ideals. 
Corollary 5. A compact semi-simple ring satisfying 
(t . 
. , 
the second axiom of countability is the direct sum of a 
countable number of finite simple rings. 
Since a finite simple ring is a matrix ring over a 
field, theorem 9 assure us that a compact semi-simple 
ring has an ampl.e supply of idempotents. We now require 
a device for transferring these idempotents to a ring 
with radical. 
Lemma 7. Let A be a compact ring, Ba nilpotent 
ideal in A, and H the homomorphism from A to A-B. Suppose 
that in A-B we have a well-ordered set of idempotents {rJ 
such that ~i'~ - f~foc. • fo< for o<Sj3, and for l\ a 1.imit 
ordinal, f~ • :Lim f Ji..... Then there exists in A a set o·f 
/\ f<.~ • 
idempotentsS'Ff-~ with HFf • ff, and FF •FF - F~ for l J ~~ f o( 
Proof. Suppose that F p has been found with the 
desired properties. for f < A. 
Case I. l\ not a 11m1 t ordinal. Let c b.e. ·an-y· :e.lenter;tt 
-l4 -
l. 
with H0 • f~. Define 
c1 • c-cF.,.., -1 -F" -1 c+F" -1 cF" -1 • 
.... i 
·Then 
2) H°J.-\-fA-l' c1Foc.-Fo<cl•O 
Define inductively cn+l • 3c~-2c~. Then 
3) ~+1-0n•1 - 4(~-en>3-3(~-en.> 2 • 
2 · 2 We have H( c1 -c1) • 0, i.e., c1-c1 E. B; by induction it 
follows from 3) · that Cii-en.6 B2n. Let d be a limit point 
of' {On}; then d is an idempotent and moreover, since each 
en shares properties 2) with c1, so doe·s d. On taking 
F~ - F~,-1+d we successfully continue the induction. 
Case II. °)\ a limit ordinal. Let F /\ be a limit point 
of Ff'(f <A). By continuity HF)\• F)\ and ~F>- - F>,Fo( • Fe< 
for cl~ A as desired. 
Definition 9. 'A ring A is said to be primary if it 
has a uni t.y element, and the residue class ring A/R of A 
modulo its radical R is sim:pie, while a ring is completely 
primar:y if it is primary and A/R is a di Vision ring. It is 
to be observed that for comrrnJ.tative rings the two notions 
coincide. 
We have the following structure theorem ( 2, theorem 17) :· 
Theorem 10. A commutative compact ring is the 
·ctartesian direct sum of a radical ring and primary rings. 
This theorem· ,can be deduced from 
- 1_5 -
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'l'beorem '11. A compact ring in which the product of 
any two maximal open left (or right,) ideals is comuu1tat1ve 
is isomorphic and homeomorphic to a cartesian direct sum 
of a radical ring and primary rings. ?vloreover the number 
of the direct summands is finite if and only if it is a 
Q-ring. 
In order to prove this theorem we have to use a 
theorem of Numakura (10, theorem 3). That is 
Lemma 8. A compact ring with a unity element in 
which the product of any two maximal open prime ideals 
is commutat1Te is isomorphic and homeomorphic to a direct 
,S.:UJD. of compact primary rings; and the number .of the direct 
summands is finite if and only if it is a Q-ring. 
Proof of theo1..,em 11. Let A be the compact ring, R 
",t•· 
its radical, and C the component of O. We have that c2 - O 
(theorem 2); and the radical R-C of A-C is nilpotent (theorem 
· 7). By two successive applications of lemma 7 we find in 
A an idempotent e mapping on the unity element of A-R. The 
Pierce decomposition (see for example 7) relative toe can 
express A as the direct sum of a radical ring and a ring 
'. 
,ii th unity element. The latter is isomorphic and homeomor-
f 
phic to a cartesian direct sum of compact primary rings. 
The rest of the proof is evident by use of lemma a._ 
- 16 -
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